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Abstract Murthy [1] introduced the concept of the Smarandache Cyclic Determinant Nat- 
ural Sequence, the Smarandache Cyclic Arithmetic Determinant Sequence, the Smarandache 
Bisymmetric Determinant Natural Sequence, and the Smarandache Bisymmetric Arithmetic 
Determinant Sequence. In this paper, we derive the n-th terms of these four sequences. 
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81. Introduction 


Murthy [1] introduced the concept of the Smarandache cyclic determinant natural sequence, 
the Smarandache cyclic arithmetic determinant sequence, the Smarandache bisymmetric deter- 
minant natural sequence, and the Smarandache bisymmetric arithmetic determinant sequence 
as follows. 

Definition 1.1. The Smarandache cyclic determinant natural sequence, {SCDNS(n)} is 
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Murthy conjectured that the n — th term of the above sequence is 


SCDNS(n) = Cala 


where [2] denotes the greatest integer less than or equal to x . 
Definition 1.2. The Smarandache cyclic arithmetic determinant sequence, 


{SCADS(n)} is 
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Murthy conjectured, erroneously, that the n — th term of the above sequence is 


nr 


SCDNS(n) = (-1) E 


a+ (n 7 1)d (nd)"—1 
2 
where [2] denotes the greatest integer less than or equal to x . 


Definition 1.3. The Smarandache bisymmetric determinant natural sequence, 
{SBDNS(n)} is 
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Definition 1.4. The Smarandache bisymmetric arithmetic determinant sequence, 
{SBADS(n)} is 


a a+d a+2d 

a at+d 

|1|, ; at+d a+2d ad |, .. 
a+d a 


a+2d a+d a 


Murthy also conjectured about the n-th terms of the last two sequences, but those expres- 
sions are not correct. 

In this paper, we derive explicit forms of the n-th terms of the four sequences. These are 
given in Section 3. Some preliminary results, that would be necessary in the derivation of the 


expressions of the n-th terms of the sequences, are given in Section 2. 


§2. Some preliminary results 


In this section, we derive some results that would be needed later in proving the main 
results of this paper in Section 3. We start with the following result. 
Lemma 2.1. Let D = |d;;| be the determinant of order n > 2 with 


a, ifi=j>2; 
ij = ; 
1, otherwise. 


where a is a fixed number. Then, 


1 11 1 1 
1 ail 1 1 
p= 1 la 1 lj= (a—1)""}, 
1 11 a l 
1 11 1 a 
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Proof. Performing the indicated column operations (where C; — C; — C; indicates the 
column operation of subtracting the 1st column from the ith column, 2 < i < n), we get 


111: 1 it = 1 0 0 vee 0 0 
ladles 1 WYeo>Ce-C il a-l 0 vee 0 0 
D=!1 1 as: 1 1/0; ~C3-C, }1 0 a-1l -::- 0 0 
tid wm Sale o- i a fo «a gaa 4 
1 11 loa 1 0 0 0 a-—1l 

a-—1l 0 0 0 

0 a-—1l 0 0 

0 0 a-—1l 0 

0 0 0 a-—1l 


which is a determinant of order n — 1 whose diagonal elements are all a — 1 and off-diagonal 


elements are all zero. Hence, 


D=(e-1)"4, 


Lemma 2.2. Let D®% = jay 
are all a (where a is a fixed number) and off-diagonal elements are all 1, that is, 


be the determinant of order n > 2 whose diagonal elements 


a, ifi=jol,; 


1, otherwise. 
Then, 
ali 1 1 
1 ail 1 1 
DYSl 1 ae 1 LeG@—1)" I @tn=— 1), 
1 11: al 
1 11 :-:. lia 


Proof. We perform the indicated column operations (where C) — Cy +C2+...4+Ch 
indicates the operation of adding all the columns and then replacing the 1st column by that 


sum, and C, > denotes the operation of taking out the common sum) to 
; NS CERCG Pe On P 8 ) 
ge 
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et 4A 11 (4 11 
f-@ 4 11  %. o it 4 
= 4 
Peal t a ae J a a c 4 
CC BO. eC, 
1 
Ci > 
i £ 4 a4 Cit C2+..+Cn 111 a 1 
- a A La : a 4 ie 


=(a+n—-1(a-1)""1, 


where the last equality is by virtue of Lemma 2.1. 
Corollary 2.1. The value of the following determinant of order n > 2 is 


—n 1 1 1 1 
1 -n 1 1 1 i 
= (-1)” 1)°=, 
1 1 =n 1 aioe 
1 1 1 —n 1 
1 1 1 1 —-n 
Proof. Follows immediately from Lemma 2.2 as a particular case when a = —n. 


Lemma 2.3. Let A, = |a;;| be the determinant of order n > 2, defined by 


1, ifi<j; 
ais = 
—1, otherwise. 
Then, 
1 1 1 1 1 1 
-1 1 1 1 1 1 
A,= 

-1 -1 1: 1 1 lj=ar-t, 

-1 -1 -1 --- -1 1 1 

-1 -1 -1 --- -1 -1 1 


Proof. The proof is by induction on n. Since 


the result is true for n = 2. So, we assume the validity of the result for some integer n > 2. To 
prove the result for n+ 1, we consider the determinant of order n+1, and perform the indicated 
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column operations (where C, — C; + C,, indicates the operation of adding the n — th column 


to the 1%* column to get the new 1%* column), to get 


1 1 1 1 1 1 2 1 1 1 1 1 
-1 1 1 1 1 1 0 1 1 1 1 1 
An+1 = — 
—-1 -1 1 = :-- 1 1 1 0 -l 1 = .:-- 1 1 1 
Cy 3 CL + Cy 
-1 -1 -l -1 1 1 0 -l1 -l -1 1 1 
-1 -1 -l -1 -1 1 0 -l1 -l -1 -1 1 
1 1 1 1 1 1 
—-1 1 1: 1 1 1 
—-1 -1 -1 -.. -1 1 JI 
—-1 -1 -1 -.. -1 -1 1 
by virtue of the induction hypothesis. Thus, the result is true for n + 1, which completes 
induction. 
Corollary 2.2. The value of the following determinant of order n > 2 is 


| es 1 141 

i & 4 i. a, <a 4 
By _— 9 n-1 

ca 4 i = a= Dee 

i oo 28 aoe ee eet 

i =d 22) ee aa 


Proof. To prove the result, note that the determinant B, can be obtained from the 
determinant A, of Lemma 2.3 by successive interchange of columns. To get the determinant 
B,, from the determinant A,,, we consider the two cases depending on whether n is even or odd. 

Case 1 : When n is even, say, n = 2m for some integer m > 1. 

In this case, starting with the determinant B,, = Bo», we perform the indicated column 


operations. 
1 a t- = (-1)™};1 1 1 £ @ 
B,=Bom=|} 1 o- 1 1 -1l] Go Com =) 2. 42 2 2A fw 
Cz > Com-1 
1 1 el el. el =], =i =1 1° 4 
1. eel Le Ce Cs ee a1. ed. 
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= (—1)72"—*, 


Case 2 : When n is odd, say, n = 2m +1 for some integer m > 1. In this case, 


1 1 loo: 1 1 1 
1 1 1 1 1 —-1l 
Bn =B m = 
a hi a. 1 -1 -1 
1 1 -1 —-1 -1 -l 
1 -1l -l —-1 -1 -l 
1 1 1 1 1 1 
— =—[\" 
( ) —-1 1 1 1 1 1 
Ci = Com+1 
—-1 -1 1 = =: 1 1 1 
Czy — Com ; — (—1)"2"-*, 
—-1 -1 -1 :-.. -1 1 1 
Cm = Cm+2 
—-1 -1 -1 :--- -1 -1 1 


Since, in either case, m = B , the result is established. 


§3. Main results 


In this section, we derive the explicit expressions of the n-th terms of the four determinant 
sequences, namely, the Smarandache cyclic determinant natural sequence, the Smarandache 
cyclic arithmetic determinant sequence, the Smarandache bisymmetric determinant natural 
sequence, and the Smarandache bisymmetric arithmetic determinant sequence. These are given 
in Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4 respectively. 

Theorem 3.1. The n-th term of the Smarandache cyclic determinant natural sequence, 
SCDNS(n) is 


1 2 3 4 n-2 n-1 n 
2 3.4 =5 n—-1 n 1 
. 1 

SCDNS(n) =| 3 4 5 6 n oe cyl2l “ nr 

4 5 6 7 2 3 

m-1l nil 2 -+-- n-4 n-3 n-2 

n 1 2 3 +) n-3 n-2 n-1l 
Proof. We consider separately the possible two cases. 
Case 1: When n is even, say, n = 2m for some integer m > 1 (so that “| =m ). 


We now perform the indicated operations on SCDNS(n) (where C; «+ C; denotes the operation 
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of interchanging the 7 -thcolumn and the j-th column, and R; — R; — R; means that the j-th 
row is subtracted from the i-th row to get the new i-th row). Note that, there are in total, m 
interchanges of columns, each changing the value of SCDNS(n) by —1. Then, 


1 2. 3 A 2m—2 2-1 2m 
2 3.4 5 2m—1 2m 1 
SCDNS(n) = 3 4 5 6 2m 1 2 
4 5 6 7 1 2 3 
2m—-1 2m 1 2 ++» 2-4 2-3 2-2 
2m 1 2 3 ++) Q2m-3 2-2 2-1 
2m 2m—1 2m-—2 3 2 1 
1 2m 2m—1 4 3 2 
= (-" 
2 1 2m 5 4 3 
C1 Com 
3 2 1 6 5 4 
Cz Com-1 
2m—3 2-4 2-5 2m 2m—-1 2%m-2 
Cm Cm+1 
2m—-2 2m-3 2-4 .:-- 1 2m 2m—1 
2m—-1 2m—-2 2-3 2 1 2m 
2m 2m—1 2 1 
= 2m(2m+1)| 4 al . 2 2 
- (ayn AS 
Oar > Oy + Oa + 2. + Com 
1 2m—3 2%m-4 2m 2m—-1 1 
Cam > GG C. 
Lo M2 TT 2m 2m—2 2-3 1 2m 1 
2m—1 2-2 2 1 1 
2m 2m—-1 2m-—2 2 1 
= ym 2mem se) tom, 4 1 1 0 
Ry —- Ro —- Ry 1 1—2m 1 1 0 
R3 — R3 — Ro 1 1 1—2m 1 0 
Ram — Ram — Rom-1 1 1 1 vee 1 0 
1 1 1 1—2m 0 
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1— 2m 1 1 1 1 
2 1 1 1—2m 1 1 
1 1 1 1 1 
1 1 1 1-—2m 1 
1 1 1 1 1—2m 


Case 2 : When n is odd, say, n = 2m +1 for some integer m > 1 (so that [| =m). 


Here, 


i 2 34 Im—-1 mM m+] 
2 3.245 2m mtl 1 

eat eal 4 5 6 Im+1 1 2 
4 5 8% 1 2 3 

2m 2m+1 1 2 2m—-3 2-2 2-1 

Im+1 1 2 38 2m—-2 2-1 Im 


2m+1 2m 2m—1 3 2 1 
= Gi 1 2m+1 2m 4 3 2 
C1 Com41 2 1 2n+1 5 4 3 
C2 © Com 3 2 1 6 5 4 
C3 Com-1 
2m—-2 2-3 I2%m-4 2m+1 %m  %m-1 
Cm @ Cmn+2 2m—-1 2-2 2-3 ::: 1 2m+1 2m 
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Com41 => Cyt Cot... + Com4i 


Com+1 > 


C; C2 see Com+1 


2m+1 2m 2m—1 3 2 1 
2 2 1 2m+1 5 4 1 
3 2 1 6 5 1 
2m—2 2m-—3 WZW-A4 2m+1 2m 1 
2m—-1 2m-2 2-3 1 2m+1 1 
2m 2m—1 2%m—2 2 1 1 
om(2m-+1) |.2+1 2m 2-1 a 2 4 
— 1 m 
(—1) 2 —2m 1 1 1 1 0 
Ro = Ro = Ry 
1 —2m 1 1 1 0 
Rz > R3 oar Ro 
1 1 —2m 1 1 0 
R m — R m —R m 
ee ever 1 1 1 1 1 0 
1 1 1 —2m 1 0 
1 1 1 1 —2m 0 
—2m 1 1 1 1 
i, (2m-+1)(2m +2) omen | 2 72m Loo dl 1 
= (-1) (=) 
2 1 1 —2m 1 1 
1 1 1 1 1 
1 1 1 —2m 1 
1 1 1 1 —2m 
2 1)2 2 2 2 
= ( yn m+ )( m+ ) {( 1)?" (2m +1)?"-1} = (= m+ (2m +1)2”. 


2 


Thus, the result is true both when n is even and when n is odd, completing the proof. 


Theorem 3.2. The n-th term of the Smarandache cyclic arithmetic determinant sequence, 
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SCADS(n) is 


a a+d a+ 2d a+(n—2)d at+(n-—1)d 
a+d a+2d a+3d --- at+(n-1)d a 
SCADS(n) = 

VO) scien a+3d  a+4d -- a a+d 

a+ 3d a+4d a+dd - at+d a+ 2d 
a+(n-—2)d a+(n-—1)d a a+(n—4)d a+(n—3)d 
a+(n—1)d a a+d a+(n—3)d at+(n—2)d 

n 
--ylal (o+" “4) (nd)"" 


Proof. Here also, we consider separately the possible two cases. 


Case 1: If n = 2m for some integer m > 1 (so that Bi =m). In this case, performing 


the indicated column and row operations, we get successively 


a a+d a+(2m—2)d a+(2m-—1)d 
a+d a+ 2d a+ (2m -—1)d a 
a+ 2d a+ 3d a a+d 
SCADS(n) = a+ 3d a+ 4d ee a+d a+2d 
a+(2m—2)d a+(2m—1)d --- a+(2n—4)d a+ (2m-—3)d 
a+ (2m—1)d a “+ a+(2m—3)d a+ (2m—2)d 
a+(2m—1)d a+(2m-2)d a+d a 
a a+(2m—1)d .- a+2d at+d 
— =|) 
aa at+d a a+3d a+2d 
Ci — Com 
a+ 2d at+d a+4d a+ 3d 
C2 Com-1 
, a+ (2m—4)d a+(2m-—5)d a+(2m—2)d a+(2m-—3)d 
Cm me Cm-41 
a+ (2m—3)d a+(2m—4)d - a+(2m—-1)d a+(2m—2)d 
a+ (2m—2)d a+(2m—3)d --- a a+ (2m — 1)d 


90 A.A.K. Majumdar 


No. 


Cam > C1 + C2 +... + Com 
1 
Com C. Co Cox 
a+(2m—1)d a+(2m—2)d - a+d 1 
a a+(2m—1)d - a+2d 1 
at+d a a+ 3d 1 
wah cren 
ae a+ 2d a+d : a+4d 1 
a+(2m—4)d a+(2m-—5)d at+(2m—2)d 1 
a+(2m—3)d a+(2m-—4)d a+(2m—1)d 1 
a+(2m—2)d a+(2m-—3)d a 1 
2m(2m — 1 
(Sen =a+(at+d)+(a+2d)+...+ {a+ (2m —1)d} = 2ma+ anna) 
a+(2m—-1)d a+(2m—2)d --- a+d 1 
= (1) Som | (L—2m)d d vee d 0 
Ro — Ro—- Ry d (1 —2m)d 0 
Rez —> Rz _ Ry d d 0 
Ram — Ram _ Rom-1 d d nal d 0 
(1—2m)d 0 
= 1-2m 1 1 
= (-1)™ {20 2m(2m ah ( i a q2™-1 
2 1 1—2m 1 
1 1 1 
1 1 1—2m 


2m(2m — 1) 


Case 2: If n = 2m-+1 for some integer m > 1 (so that [| =m). 
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In this case, performing the indicated column and row operations, we get successively 


a a+d a+2d a+ (2m —1)d a+2md 
a+d a+2d a+3d a+ 2md a 
SCADS(n) = 
(n) a+2d a+3d a+4d a a+d 
a+ 3d a+4d a+5d a+d a+ 2d 
a+(2m—1)d a+2md a a+ (2m—3)d a+(2m-—2)d 
a+2md a a+d a+ (2m—2)d a+(2m-—1)d 
Cy © Com41 
Cz — Com 
Cm - Cm+2 
a+ 2md a+(2m—1)d at+d a 
a a+ 2md a+2d a+d 
ae at+d a a+3d a+ 2d 
a+ 2d a+d a+4d a+ 3d 
a+ (2m—3)d a+(2m-—4)d a+(2m—1)d a+(2m-—2)d 
a+ (2m—2)d a+(2m-—3)d a+ 2md a+ (2m — 1)d 
a+(2m—1)d a+(2m-—2)d a a+2md 
Com+1 > Cy + Co... + Com41 
1 
Com 
a CPO PO 
a+2md a+ (2m -—1)d a+2d a+d 1 
a a+2md a+3d a+2d 1 
(-1)™ Som 41 a+d Ga a+4d a+3d 1 
a+2d a+d a+5d a+4d 1 
a+(2m—2)d a+(2m—3)d a a+2md 1 
a+(2m—1)d a+(2m-—2)d a+d a 1 
2m(2 1 
(Simei =a + (a+d)+(a+2d)...4+(a+2md) = (2m+ a4 mi “ a) 
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a+2md a+(2m-—1)d a+d 1 
= —1 ue m. 
Ee) ona d d 0 
Roy — Ro = Ry 
d —2md d 0 
Rs —} R3 = Ro 
R R R : 
m ae m™m ~ m 
2mn+1 2m+1 2 aad - 0 
—2m 1 1 
Im(2 1 1 —2m 1 
=(-1)" {@m+ joes vo ak 1)2m+2q2m 
1 1 1 
1 1 —2m 


(-1)™ 


{2m at 


2m(2m + 1) 


2 


ee {a + eal d™(2m + 1)?™. 


Thus, in both the cases, the result holds true. This completes the proof. 


a} {d?™(-1)?™(2m +1)?" } 


Theorem 3.3. The n-th term of the Smarandache bisymmetric determinant natural 
sequence, {SBDNS(n)}, n> 5, is 


SBDNS(n) = 


1 2 3 n—-1 n 
2 4 n n—-1 
3 4 5 nm-1 n-2 
n-2 n-1 n 4 3 
n—1 n n—-1 3 2 
n n-1l n-2 2 1 


= cyl 


nr 


3| (n+1)2”-?. 


Proof. We perform the indicated row and column operations to reduce the determinant 


Vol. 4 On some Smarandache determinant sequences 


SBDNS(n) to the form B,_1 (of Corollary 2.2) as follows : 


1 2 3 ss m—-2 n-l n 
2 3 4 se onal n n—1 
SBDNS(n)=| 3 4 5 es n n-1l n-2 
n-2 n-1 n 5 4 3 
n—-1 n n—-1 4 3 2 
n n-1l n-2 3 2 1 
1 2 3 n-2 n-1l n 
a 1 1 1 1 1 —l 
Ry— Ro-—R, |1 1 1 1 -1 -l 
R3 — Rg — Ro 
1 1 1 —l -1 -l 
Rn R,-—Rn-ijl 1 -1 -1 — -1 
1 -1 -1 -1 -1 -l 
1 2 3 n-2 n—-1 n+l 
1 1 1 1 1 0 
: 111 { <i- 
Ch > Crh +C1 I}, 
1 1 1 —l -1 0 
1 1 -t1 —l -1 0 
1 -1 -1 —1 -1 0 
1 1 1 1 1 
1 1 1 1 -l 


= (=n +0) |, 
= (-1)"**(n+1)Ba-1 


1 1 1 -1 -l 
1 1 -!l -1 -l 
1 -1 -l -1 -l 


= (-1)"*1(n +1) 51 2 le 


n—-1 


mitt] | 
Now, ifn =2m+41, then (—1) 2 J = (-1)@m+2)+m — (-1)™ = (-1) 
n—-1 


2 | = (-1)?ti+(m-)) = (-1)™ = eagle. 


tt 
and ifn = 2m, then (-—1) 
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n 


Hence, finally, we get SBDNS(n) = Cala (n+1)2"-?. 


Remark 3.1. The values of SBDNS(3) and SBDNS(4) can be obtained by proceeding 
as in Theorem 3.3. Thus, 


i 23 = t & 4 i. 2.4 
SBDNS(3)=|2 3 2|R2>R,-Rill 1 1 7 1 0|=-8, 
C3 > C3 + C, 
5 2 iia Ret =p 1 =i 0 
tw gra = io % <A 
SBDNS(4)=|2 3 4 3|Rg>Ro-R,|1 1 1 -1 
8 4. 8°93) Pea Pea Rsk 1-1 <i 
4°39. 2 1) Reo Reo Rell <1 <1. <1 
= 12 3 °5 
i? 4 : 
Cas CxtCifl 1 1 O=(-8)) | [= (at-pelas}y = 20. 
1 1 -1 0 
a a 
fiat 1G 


Theorem 3.4. The n-th term of the Smarandache bisymmetric arithmetic determinant 
sequence, {SBADS(n)}, n > 5, is 


a a+d + at(n—2)d  a(n—1)d 
Ee at+d a+ 2d + at(n—-1)d a+(n—-2)d 
a+(n—2)d a+(n—-l1)d --- a+2d a+d 
a+(n-—1)d a+(n—2)d --- a+d a 
= Cylal («+ na) (2d)"-1. 


Proof. We get the desired result, starting from SBADS(n), expressing this in terms of the 
determinant B,,—1 (of Corollary 2.2) by performing the indicated row and column operations. 


a a+d + at(n—2)d at+(n—-1)d 
SBADS(n) = a+d a+ 2d + at(n—l1)d a+(n—-2)d 
a(n—2)d at+(n—1)d --- a+ 2d at+d 
a+(n—1)d a+(n—2)d --- at+d a 
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a a+d a+2d at+(n—3)d a+(n—-2)d a+(n—-1)d 
- d do d d —d 
Ro = Ro = Ry 
d d vee d —d —d 
Rz = R3 = Ro 
d —d —d —d —d 
Rn — Rn = Rn-1 
—d —d —d —d —d 


1 1 

= d?—1]1 1 
Ch Cyn + C1 

1 1 

1 1 

1 -l 


=(-1)"71 d®1 {244+ (n —1)d} 


1 
1 
1 


1 ed 1 
1 xg 1 
1 =i 
= “a =f 
= we 1 
1 Goa GU 4 
1 1 1; =i 
1 1 a | 
{<a at at 
at at. eee SE ar 


= (-1)"*1a"-1 {2a + (n— 1)d} al 2 les =(-1) 
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